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Introduction

High dimensional prediction problems are pervasive in the scientific community.
In practice, dimensionality reduction (DR) is often performed as an initial step
to improve prediction accuracy and interpretability. Principal component analysis
(PCA) has been utilized extensively for DR, but does not take advantage of out-
come variables inherent in the prediction task. Existing approaches for supervised
PCA (SPCA) either take a multi-stage approach or incorporate supervision indi-
rectly. We present a manifold optimization approach to SPCA that simultaneously
solves the prediction and dimension reduction problems. The proposed framework
is general enough for both regression and classification settings. Our empirical re-
sults show that the proposed approach explains nearly as much variation as PCA
while outperforming existing methods in prediction accuracy.

Motivation

•From a component analysis point of view, it is natural think of learning
predictive components

•When supervisory information is available, we would like to utilize it for DR
•Existing approaches to SPCA either take a multi-stage approach, or cannot
trade off between prediction and representation

SPCA as Non-convex Manifold Optimization
We can write SPCA as a regularized manifold optimization problem with a
general loss function:

minimize
L,β

n∑
i=1

l(yi, Lxi, β) + λ‖X −XLTL‖2
F

s.t. LLT = Ikxk

Note that as λ → ∞, the problem reduces to PCA. We choose this frame-
work because it is general enough to handle many problem settings including
classification, regression, and semi-supervised. For each, we must select the
proper loss function.

Table: Variables for all problems considered.

VARIABLE DESCRIPTION
X
n×p

Data matrix
Y
n×q

Dependent variables
L
k×p

Matrix with learned components as rows
XL
n×k

T Dimension reduced form of X
β̂
k×q

Loss function parameters

Hierarchical Bayesian Interpretation

For the regression setting, we may want to use the least squares cost function in the
Manifold Optimization setup (LSPCA). It can be shown that this arises naturally
under a specific hierarchical Bayesian model. This model adapts Probabilistic
Principal Component Analysis, similar to previous work [2], with the benefit that
we obtain a closed form for the likelihood by conditioning y on x rather than z.
Suppose

y|x ∼ N(βTLx, σ2
yI), x|z ∼ N(LTz, σ2

xI), z ∼ N(0, σ2
zI)

Then it can be shown that, as σx → σz the negative log likelihood corresponding
to the joint distribution on x and y is

− log(`(L, β)) ∝ ‖Y −XLTβ‖2
F +

σ2
y

2σ2
x

‖X −XLTL‖2
F .

This is clearly a special case of the SPCA Manifold Optimization problem, with
the added benefit of interpretability of, and guidance in, setting the regularization
parameter.

Algorithm
It can be shown that this algorithm asymptotically converges to a first order
order stationary point [1].

Algorithm 1 Manifold Gradient Descent for LSPCA
1: procedure LSPCA(X, Y, L0, λ, k)
2: t = 0
3: while Not Converged do
4: ∇f (Lt) = 2(1− λ)LtXTX − 2λ(XLTt )+Y Y TP⊥XLTX

5: Ht = −(Ip×p − LTt Lt)∇f (Lt)T

6: Ut,Σt, Vt = SVD(Ht)
7: LTt+1 = LTt Vt cos(ηtΣt)V T

t + Ut sin(ηtΣt)V T
t . Where η

is a step size chosen by Armijo backtracking line-search.
8: t← t + 1
9: end while

10: Z = XLTt . Generate the reduced data.
11: return Z,Lt
12: end procedure
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Experimental Results

Figure: Mean squared error and variation explained vs. reduced dimension for each
method on various datasets. (a) Parkinsons (b) Music (c) Residential

Figure: Example two dimensional visualizations using various popular methods.
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